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Preliminaries

The approach in this presentation
Take aways
Window types
Window relationships
Windows tables of information
Windows references

What are windows?
Real, Finite, Possess DFT

How do we look at windows?
Literally: DFT
Figuratively: Parameters



Window Parameters

Parameter Units Definition References
Coherent Gain | ratio sum of normalized window harris
divided by window length
ENBW bins sum of the squares of the harris
Effective Noise window coefficients divided
Bandwidth by the square of the sum
Scalloping Loss | dB minimum possible value of the | harris
maximum gain of the adjacent
bins for a tone not on bin
center
WCPL dB scalloping loss minus the harris
Worst Case ENBW (in dB)
Processing
Loss
-3dB bins bandwidth containing highest | harris
Bandwidth frequency response exceeding
-3dB
-6dB bins bandwidth containing highest | harris
Bandwidth frequency response exceeding
-6dB
-60dB bins bandwidth containing highest
Bandwidth frequency response exceeding
-60dB
1™ Zero bins frequency of first zero crossing
Crossing defining the edge of the
mainlobe
1** Sidelobe dB re: DC | response at peak of first
Level sidelobe
1** Sidelobe fraction of | frequency of peak of first
Frequency Fs sidelobe
MSL dB re: DC | harris “highest sidelobe level” | harris
Maximum
Sidelobe Level
Maximum fraction of | width of main lobe at level of | G&Y
Sidelobe Fs MSL, parameter “b” in G&Y
Bandwidth
SLRO dB/octave | harris “sidelobe falloff” harris
Sidelobe rolloff minus the parameter “d” in G&Y




Parameter Units Definition References
G&Y
Bin 1 Intercept | dB similar to “a2” in G&Y, G&Y
altered to bin 1 using SLRO
Window value at first sample, even FFT
Pedistal
-3dB Efficiency | fractional | fraction of total energy of
(%/100) response within -3dB
bandwidth
-6dB Efficiency | fractional | fraction of total energy of
(%/100) response within -6dB
bandwidth
MRE fractional fraction of energy outside of
Mainlobe (%/100) mainlobe
Remaining
Energy

GecKlili, N. C., and Yarns, D., "Some Novel
Windows and a Concise Tutorial Comparison of
Window Families", IEEE Trans. Acoust.

Speech Sig. Proc, ASSP-26, pp. 501-507, Dec.

1978.

harris, f.j., "On the Use of Windows for Harmonic
Analysis with the Discrete Fourier Transform” Proc.

IEEE, 66, pp. 51-83, January 1978.

http://web.mit.edu/xiphmont/Public/windows.pdf

A portion of this is available (20100404) at:

http://www.signumconcepts.com/download/paper001.pdf




Rectangular Window Figure 1

Window: Rectangular 256 points DFT: 256 bins ENBW: 1 Coherent Gain: 1 Pedistal: 1
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This is what you get with “no window”.

Top plot:

Time domain window

Middle plot:

1

Frequency domain plot (linear in frequency): the sinc function. Zeros at
integer offsets from bin center. This is convenient for the most common

DFT definition.

Bottom plot:

Bin top response, bin center to mid-point between bins
loss.

shows scalloping



Rectangular Window Frequency Response  Figure 2

Rectangular ENBW: 1 Full ML: 2 Bins Max.SL: -13.26 dB
Window: 256pt DFT: 256bin  SL Slope: =6 dB/Oct.  Bin 1 Int. -10.1 dB  256pt
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This is what you get with “no window”.
This is a sinc function with a mainlobe width of 2 bins and zeros at (non-
zero) integer offsets from zero frequency




Cosine Sum Windows

von Hann

Maximim sidelobe rolloff

Odd Even
2 ([11])/2=>-0.250.5-0.25 in Freq Dom [31]/4=>-0.1250.375 0.375 -0.125 inFreqDom
31[341])/8 [1051]/16
4 |[101561]/32 [35217 1]/64
51[35562881]/128 [126 84 36 9 1]/256
6| [126210 1204510 1]/512 [462 330 1655511 1]/1024
7 | [462 792 495 220 66 12 1]/2048 [1716 1287 715 286 78 13 1]/4096
8 | [1716 3003 2002 1001 364 91 14 1]/8192 [6435 5005 3003 1365 455 105 15 1]/16384

Hamming

Minimum sidelobe

Odd

2

[0.5383553946707251 0.4616446053292749]

3

[0.4243800934609435 0.4973406350967378 7.827927144231873e-2]

4

[0.3635819267707608 0.4891774371450171 0.1365995139786921 ...
1.064112210553003¢-2]

[0.3232153788877343 0.4714921439576260 0.1755341299601972 ...
2.849699010614994¢-2 1.261357088292677¢-3]

[0.2935578950102797 0.4519357723474506 0.2014164714263962 ...
4.792610922105837¢-2 5.02619642859393¢-3 1.375555679558877¢e-4]

[0.2712203605850388 0.4334446123274422 0.2180041228929303
6.578534329560609¢-2 1.076186730534183¢e-2 7.700127105808265¢-4
1.368088305992921¢-5]

[0.2533176817029088 0.4163269305810218 0.2288396213719708 ...
8.157508425925879¢-2 1.773592450349622¢-2 2.096702749032688e-3
1.067741302205525¢-4 1.280702090361482¢-6]




von Hann Window Frequency Response Figure 3

VonHann ENBW: 1.5 Full ML: 4 Bins Max.SL: -31.47 dB
Window: 256pt DFT: 256bin  SL Slope: -18.1 dB/Oct. Bin11Int. -9.9 dB  256pt
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Maximum Sidelobe Rolloff Frequency Responses Figure 4

Maximum Rolloff 2 (Von Hann) to 8 Coefficients
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These are all odd cosine sum maximum sidelobe rolloff windows.
(Median filter has been used to remove clutter of negative tails.)



Hamming Window Frequency Response: Exact Hamming Figure 5

HammingEx ENBW: 1.3677 Full ML: 4 Bins Max.SL: -43.18 dB
Window: 256pt DFT: 256bin  SL Slope: =6 dB/Oct.  Bin 1 Int. -27.2 dB  256pt
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Minimum Sidelobe Frequency Responses Figure 6

Minimum Sidelobe Cosine Sum Windows 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 Coefficients
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These are all odd cosine sum windows.
(Median filter has been used to remove clutter of negative tails.)
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How can we reduce sidelobes by adding additional
components to the sinc function?

Blackman

Contribution: zero sidelobe centers, odd number of frequency domain terms
Solve a linear system of equations to normalize and place zeros at centers of
highest sidelobes to reduce the height of the sidelobes.

R. B. Blackman and J. W. Tukey, The Measurement of Power Spectra, New
York: Dover, 1958

Malocha and Bishop

Contribution: even and odd terms

Even numbers of terms provide frequency response intermediate between
odd term responses. The even derived responses represent frequencies
between original bin centers.

D. C. Malocha and C. D. Bishop, “The classical truncated cosine series
functions and applications to SAW filters,” IEEE Trans. Ultrason.,
Ferroelect., Freq. Contr., vol. UFFC-34, pp 75-85, Jan. 1987

Kulkarni and Lahiri

Contribution: sidelobe peak zeros

The sinc function is the product of a sine wave and a hyperbola. The
hyperbolic function moves the peaks away from the center of the sidelobes.
Solve a linear system of equations to normalize and place zeros at peaks of
highest sidelobes. (Only examined first sidelobe response.)

R. G. Kulkarni and S. K. Lahiri, “Improved sidelobe performance of cosine
series functions,” IEEE Trans. Ultrason., Ferroelect., Freq. Contr., vol. 46,
pp 464-466, Mar. 1999
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Other Optimizations

Any time you hear “optimum” or “optimized” be sure you have
heard “with respect to” what.

What: Mini-max stopband error. What window gives the smallest maximum
error outside the passband?
Dolph-Chebychev

Approximation to Dolph-Chebychev:
Taylor (two parameter)

What: Minimum stopband energy. What window gives the smallest total
energy outside the passband?

Prolate Spheroidal Functions implemented as Discrete Prolate
Spheroidal Sequences (DPSS)

Approximation to Prolate spheroidal functions:
Io(a): Modified Bessel Function of the First Kind of Order Zero

also know as “Taylor 1 parameter” and “Kaiser-Bessel”

An improvement to “Kaiser”’-Bessel!
“Modified Kaiser Bessel”

16



Dolph-Chebychev 40dB Plots Figure 7

Window: DolphCheb40 2048 points DFT: 2048 bins ENBW: 1.457 Coherent Gain: 0.5893 Pedistal: 12.1513
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Full Main Lobe: 3.531 Bins  Max.SideLobe: -40 dB  SideLobe Slope: 0 dB/Oct.
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High peak at end of time window.
Zero sidelobe rolloff.
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Dolph-Chebychev 40dB Frequency Response Figure 8

DolphCheb40 ENBW: 1.4574 Full ML: 3.53 Bins Max.SL: -40 dB
Window: 2048pt DFT: 2048bin  SL Slope: 0 dB/Oct. Bin 1 Int. -40dB  2048pt
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Dolph-Chebychev Frequency Responses Figure 9
DolphC 2(red), 3.5, 3, 3.5, 4(red), 4.5, 5, 6, 7(red) to 8(black)
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Taylor 40dB Plots Figure 10

Window: Taylor40 2048 points

DFT: 2048 bins ENBW: 1.291 Coherent Gain: 0.5716 Pedistal: 0.12946
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Taylor 40dB Frequency Response Figure 11
Taylor4d0 ENBW: 1.2913 Full ML: 3.64 Bins Max.SL: -39.99 dB
Window: 2048pt DFT: 2048bin  SL Slope: -6 dB/Oct.  Bin 1 Int. -23.1 dB 2048t
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Other Windows

Gaussian

The infinite continuous Gaussian window is the only window to
achieve the minimum time-frequency uncertainty product. While this is not
achieved for truncated Gaussians, it seems to be a frequently referenced
attraction. The Gaussian also has interesting properties for frequency
estimation of tones. The parabolic interpolator is very accurate for the
Gaussian log power spectrum. There are also other techniques:

McEachern, Robert H , “Ratio detection precisely characterizes signals' amplitude and
frequency”, EDN, March 3, 1994

Available (20100404) at:

http://www.edn.com/archives/1994/030394/05df1.htm

Modified Bessel Functions of the First Kind I(order.,alpha)

Order =0 Kaiser, Taylor (1953)

Order = 0,1 Prabu

Order =n, alpha> 0 Reddy
n=-2,-3/2,-1,-1/2,0

Order real, alpha real Nuttall

1,2,3 dimensions

Kaiser, J. F. and R.W. Schafer, "On the Use of the lo-Sinh Window for Spectrum
Analysis”, IEEE Trans.Acoust., Speech, Signal Proc., ASSP-28, pplOS,1980.

Prabhu, K.M.M.; Bagan, K.B.; “ Variable parameter window families for digital
spectral analysis”

Acoustics, Speech and Signal Processing, IEEE Tran. on

Volume: 37 Issue:6, June 1989, page(s): 946 — 949

Reddy, A.R.; “Design of SAW bandpass filters using new window functions” Ultrasonics,
Ferroelectrics and Frequency Control, IEEE Tran. on, Volume: 35, Issue: 1 ,Publication
Year: 1988 , Page(s): 50 - 56

Nuttall, A.; “4 two-parameter class of Bessel weightings for spectral analysis or array
processing--The ideal weighting-window pairs *

This paper appears in: Acoustics, Speech and Signal Processing, IEEE Transactions on,
Volume: 31 Issue:5, page(s): 1309 - 1312
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